On graded decomposition numbers for cyclotomic Hecke algebras in quantum
  characteristic 2 by Evseev, Anton
ar
X
iv
:1
30
9.
69
17
v3
  [
ma
th.
RT
]  
18
 Fe
b 2
01
4
ON GRADED DECOMPOSITION NUMBERS FOR CYCLOTOMIC
HECKE ALGEBRAS IN QUANTUM CHARACTERISTIC 2
ANTON EVSEEV
Abstract. Brundan and Kleshchev introduced graded decomposition numbers for rep-
resentations of cyclotomic Hecke algebras of type A, which include group algebras of
symmetric groups. Graded decomposition numbers are certain Laurent polynomials,
whose values at 1 are the usual decomposition numbers. We show that in quantum char-
acteristic 2 every such polynomial has non-zero coefficients either only in odd or only
in even degrees. As a consequence, we find the first examples of graded decomposition
numbers of symmetric groups with non-zero coefficients in some negative degrees.
1. Introduction
The problem of finding decomposition numbers for representations of a symmetric group
Sd in positive characteristic p is old and, despite important advances, largely unresolved.
The decomposition numbers are the nonnegative integers [S(µ) : D(λ)] that are multiplic-
ities of simple modules D(λ) in composition series of Specht modules S(µ), where µ is a
partition of d and λ is a p-restricted partition of d. In 2009, Brundan and Kleshchev [1]
found a natural Z-grading on the group algebra FpSd, which comes from an isomorphism
of that algebra with a quotient of a KLR algebra defined by Khovanov and Lauda [6] and
independently by Rouquier [10]. By [2, 3], both Specht modules and simple modules of
FpSd are naturally graded, and therefore one may consider graded decomposition num-
bers [S(µ) : D(λ)]q ∈ N[q, q
−1]. The usual decomposition numbers [S(µ) : D(λ)] are then
obtained by specialising q to 1. Clearly, these discoveries add a lot more structure to the
problem.
In this note we focus on the case p = 2. Under this assumption, we show that each
graded module S(µ) has non-zero components either only in odd or only in even degrees
(Theorem 2). We deduce that each Laurent polynomial [S(µ) : D(λ)]q has non-zero
coefficients either only in odd or only in even powers of q (Corollary 4). In both cases,
the relevant parities are given by simple combinatorial rules. As a consequence, we give
some new information on ungraded decomposition numbers (Corollary 5). All these results
extend to the more general setting of cyclotomic Hecke algebras.
It has been suggested that all graded decomposition numbers of FpSd might have zero
coefficients in negative powers of q, which is equivalent to saying that graded adjustment
matrices (defined by Eq. (5) below) have integer entries: cf. remarks in [2, §5.6] and [7,
§10.3]. Using the aforementioned results, we find examples showing that this is not the
case when p = 2 (Corollary 6).
Section 2 is a brief review of definitions and results about graded cyclotomic Hecke
algebras HΛd and their Specht modules. Generally, we follow the notation of [7], which is
a much more detailed survey of the subject. The new results are in Section 3.
2. Graded cyclotomic Hecke algebras
The set of nonnegative integers is denoted by N. The arguments of this note work only
in quantum characteristic 2, so we specialise the definitions to that case. Set I = Z/2Z =
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{0, 1}. We will consider cyclotomic KLR algebras associated with the quiver
0⇆ 1.
The corresponding Cartan matrix is the I × I-matrix
A = (aij)i,j∈I =
(
2 −2
−2 2
)
.
Consider a realisation of A (see [5, §1.1]) with the simple coroots α∨0 and α
∨
1 and weights
Λ0 and Λ1 such that (α
∨
i ,Λj) = δij . Fix l ∈ N and an l-tuple κ = (k1, . . . , kl) ∈ I
l. Set
Λ = Λk1 + · · ·+ Λkl .
Let F be an arbitrary field and fix d ∈ N. The cyclotomic Khovanov–Lauda–Rouquier
(KLR) algebra HΛd is the F -algebra defined by the generators
(1) {e(i) | i ∈ Id} ∪ {y1, . . . , yd} ∪ {ψ1, . . . , ψd−1}
subject to a lengthy list of relations given in [1] (see also, for example, [7]). In particular,
the relations ensure that the elements e(i), i ∈ Id, are pairwise orthogonal idempotents
summing to 1. The algebra HΛd is the quotient of a KLR algebra (see [6, 10]) by a
“cyclotomic relation”.
By [1, Corollary 1], HΛd may be graded as follows: deg(e(i)) = 0, deg(yr) = 2,
deg(ψre(i)) = −air ,ir+1 =
{
−2 if ir = ir+1;
2 if ir 6= ir+1.
It is proved in [1] that HΛd is isomorphic to the corresponding cyclotomic Hecke algebra
(also denoted by HΛd ), which means that the latter is naturally graded. In particular, H
Λ0
d
is isomorphic to FSd if charF = 2 and to the usual Iwahori–Hecke algebra Hd(−1) if
charF = 0.
We now consider graded Specht modules, which were first constructed in [3] and may
also be defined as the cell modules of the graded cellular algebra structure on HΛd that was
found in [4]. The Specht modules S(λ) of HΛd are parameterised by l-multipartitions of
size d, that is, by l-tuples λ = (λ(1), . . . , λ(l)) of partitions such that
∑
m |λ
(m)| = d. The
set of such l-multipartitions is denoted by Pκd . The Young diagram of an l-multipartition
λ is the set
Y (λ) = {(a, b,m) ∈ Z>0 × Z>0 × {1, . . . , l} | 1 ≤ b ≤ λ
(m)
a },
where λ
(m)
a is the a-th part of λ(m). The elements of Y (λ) are called the nodes of λ, and
more generally a node is an element of Z>0 × Z>0 × {1, . . . , l}.
A λ-tableau is a bijective assignment of the integers 1, . . . , d to the nodes of λ. A λ-
tableau t is said to be standard if, whenever 1 ≤ m ≤ l and (a, b,m), (a′, b′,m) are nodes
of λ such that a ≤ a′ and b ≤ b′, the entry of t in (a, b,m) is less than or equal to the
one in (a′, b′,m). The set of all standard λ-tableaux is denoted by T (λ). The residue of
a node (a, b,m) of a tableau t is defined to be km+(b− a)+ 2Z ∈ I; a node of residue i is
said to be an i-node. The residue sequence of t is the sequence i = (i1, . . . , id) ∈ I
r where
ir is the residue of the node occupied by r in t.
We say that a node N ∈ Y (λ) is removable if Y (λ) \ {N} is the Young diagram of a
multipartition; a node N ′ /∈ Y (λ) is addable for λ if Y (λ) ∪ {N ′} is the Young diagram of
a multipartition. If (a, b,m) and (a′, b′,m′) are two nodes, we say that the latter is below
the former if either m′ > m or m′ = m and a′ > a.
Let t be a standard tableau and let N be the node occupied by d in t. Define
dN (λ) = #{addable i-nodes for λ below N} −#{removable i-nodes of λ below N}.
The degree of the standard tableau t is defined recursively by
deg(t) = dN (λ) + deg(t≤(d−1)),
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where t≤r denotes the standard tableau consisting of the boxes occupied by 1, . . . , r in t
and the degree of the empty multipartition (∅, . . . ,∅) is set to be 0. It is proved in [3]
that the Specht module S(λ) is naturally graded and has a certain homogeneous basis
{zt}t∈T (λ) with the degree of zt equal to deg(t).
If M = ⊕n∈ZMn is the decomposition into components of a finite-dimensional graded
vector space M , the graded dimension of M is defined to be the polynomial
qdim(M) =
∑
n∈Z
(dimMn)q
n ∈ Z[q, q−1].
The aforementioned facts give a combinatorial description of qdimS(λ):
(2) qdimS(λ) =
∑
t∈T (λ)
qdeg(t)
for any multipartition λ.
3. Parity results
Our starting point is the observation that, while the odd-degree components of HΛd are
all zero, this is not necessarily the case for the Specht modules S(λ). To give more detail,
we need to introduce some further notation.
We are mainly concerned with the parity of degrees, thus projecting Z-gradings to Z/2Z-
gradings. Let S be the ring Z[q, q−1]/(q2−1)Z[q, q−1], and let u = q+(q2−1)Z[q, q−1] ∈ S.
As an abelian group, S = Z1⊕ Zu, and we identify Z with the subring Z1 of S. We have
a map Z[q, q−1]։ S given by q 7→ u. The image of any f ∈ Z[q, q−1] is denoted by f(u).
The fact that the odd-degree components of HΛd are 0 may then be expressed as follows:
(3) (qdimHΛd )(u) ∈ N.
For a partition λ = (λ1, . . . , λn), define its parity ǫ(λ) ∈ Z/2Z by
ǫ(λ) =
n∑
i=1
⌊
λi
2
⌋
+ 2Z,
where ⌊γ⌋ denotes the integer part of a rational number γ. For i ∈ I, let ni(λ) denote the
number of i-nodes in the Young diagram of λ. For a multipartition λ = (λ(1), . . . , λ(l)),
define
(4) ǫ(λ) = ǫ(λ(1)) + · · ·+ ǫ(λ(l)) +
l−1∑
j=1
l∑
m=j+1
nkm(λ
(j)) + 2Z,
where κ = (k1, . . . , kl) ∈ I
l is the tuple fixed in Section 2. In the case when l = 1, the last
term is 0, so the two definitions agree.
For any λ ∈ Pκd , let t
λ be the standard λ-tableau in which the numbers 1, . . . , d are
filled along successive rows of λ, from top to bottom.
Lemma 1. For any λ ∈ Pκd , we have ǫ(λ) = deg(t
λ) + 2Z.
Proof. Let r ∈ {1, . . . , d}, and let N = (a, b, j) be the node occupied by r in tλ. Let i
be the residue of N . Then tλ≤r has no removable nodes below N . The addable nodes
below N for tλ≤r are (a+ 1, 1, j) and the nodes (1, 1,m) for j < m ≤ l. Hence, dN (t
λ
≤r) =
β +
∑l
m=j+1 δkm,i where
β =
{
1 if b is even,
0 if b is odd.
Summing over all j ∈ {1, . . . , d}, we see that deg(tλ) modulo 2 is given by the expression
on the right-hand side of (4). 
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Note that um ∈ S is well-defined for any m ∈ Z/2Z.
Theorem 2. For any λ ∈ Pκd ,
qdimS(λ)(u) ∈ Nuǫ(λ).
Proof. Let t be any standard λ-tableau. Let wt ∈ Sd be the element such that wt(t
λ) = t,
where Sd acts on T (λ) by permuting the entries {1, . . . , d}. Let wt = sr1 · · · srm be a
reduced decomposition of wt with respect to the Coxeter generators sr = (r, r+1) of Sd.
By [3, Corollary 3.14],
deg(t)− deg(tλ) = deg(ψr1 . . . ψrme(i
λ)),
where iλ ∈ Id is the residue sequence of tλ. Due to (3), it follows that deg(t) ≡ deg(tλ)
(mod 2) for any t ∈ T (λ). Hence, by Lemma 1, ǫ(λ) is the parity of deg(t). The result
follows. 
The simple HΛd -modules D(λ) are indexed by the set RP
κ
d of κ-restricted multipar-
titions, which is a certain subset of Pκd (see [1, 7]). If Λ = Λ0 then RP
κ = RP(0)
is precisely the set of 2-restricted partitions, i.e. partitions λ = (λ1, . . . , λn) such that
λr − λr+1 ≤ 1 for all r. In the general case, the only known combinatorial description of
RP
κ
d is a recursive one.
By [2, 4], each simple moduleD(λ) is uniquely graded in such a way that it is isomorphic
(as a graded module) to its dual with respect to the anti-automorphism of HΛd fixing
each of the generators (1). As a consequence, qdimD(λ) = qdimD(λ), where we write
f¯(q) = f(q−1) for any f ∈ Z[q, q−1]. Moreover, it is known that D(λ) is isomorphic to the
head of S(λ) as a graded module if the gradings are as described (see [2, Theorem 5.10]
or [4]). Hence, Theorem 2 implies the following result.
Corollary 3. For any λ ∈ RPκd , we have qdimD(λ)(u) ∈ Nu
ǫ(λ).
If the field F is chosen so that its characteristic is p ≥ 0 and λ ∈ RPκd , µ ∈ P
κ
d ,
let d
(p)
λµ = [S(λ) : D(µ)]q ∈ N[q, q
−1] be the corresponding graded decomposition number
(see [2, §2.4]). Thus, by definition, d
(p)
λµ =
∑
n∈Z bnq
n where bn is the multiplicity of
D(µ)〈n〉 in the graded composition series of S(λ); here, D(µ)〈n〉 is the module obtained
from D(µ) by shifting all degrees by n. Then D(p) = (d
(p)
λµ )λ,µ is the graded decomposition
matrix of HΛd . It is known that D
(p) depends only on p, not on the choice of F (see [1,
Section 6]).
By [2, Theorem 5.17], we have
(5) D(p) = D(0)A(p)
for a certain graded adjustment matrix A(p) = (a
(p)
λµ )λ,µ∈RPκd , and the entries a
(p)
λµ have
nonnegative coefficients. Also, a
(p)
λ,µ = a
(p)
λ,µ for all λ, µ. Further, by Theorems 3.19 and
5.15 of [2], we have d
(0)
λµ ∈ δλµ + qN[q].
Corollary 4. Let λ ∈ Pκd and µ ∈ RP
κ
d. Let p be either a prime or 0. Then
(i) d
(p)
λµ (u) ∈ Nu
ǫ(λ)+ǫ(µ).
(ii) If λ ∈ RPκd , then a
(p)
λµ (u) ∈ Nu
ǫ(λ)+ǫ(µ).
Proof. (i) Write qdimD(µ)(u) = muǫ(µ), so that m > 0. It follows from the definition of
D(p) that
qdimS(λ)(u) =
∑
ν∈RPκ
d
d
(p)
λν (u) qdimD(ν)(u).
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Therefore, if d
(p)
λµ (u) has a non-zero coefficient in u
1+ǫ(λ)+ǫ(µ), then qdimS(λ)(u) has coef-
ficient at least m in u1+ǫ(λ), contradicting Theorem 2.
(ii) If a
(p)
λµ (u) has a non-zero coefficient in u
1+ǫ(λ)+ǫ(µ), then so does d
(p)
λµ (u): indeed,
since d
(0)
λλ (u) = 1, Eq. (5) gives
d
(p)
λµ (u) ∈ a
(p)
λµ (u) + N[u].
So (ii) follows from (i). 
We have the following consequence for ungraded adjustment matrices and ungraded
dimensions of simple modules.
Corollary 5. Let λ, µ ∈ RPκd . If ǫ(λ) 6= ǫ(µ), then a
(p)
λµ(1) is even. If ǫ(λ) = 1, then
qdimD(λ)(1) is even.
Proof. If ǫ(λ) 6= ǫ(µ) then a
(p)
λµ has no constant term by Corollary 4(ii). Since a
(p)
λµ = a
(p)
λµ , it
follows that a
(p)
λµ (1) is even. The second assertion is proved by the same argument applied
to the polynomial qdimD(λ), using Corollary 3. 
Now we specialise to the case Λ = Λ0 and p = 2, so that H
Λ
d
∼= FSd.
Corollary 6. Assume that Λ = Λ0. There exist pairs (λ, µ) of 2-restricted partitions such
that a
(2)
λµ /∈ Z.
Proof. If ǫ(λ) 6= ǫ(µ) and a
(2)
λµ(1) 6= 0, then, by Corollary 4, a
(2)
λµ (u) is a positive multiple
of u, which implies that a
(2)
λµ /∈ Z. Checking the tables of ungraded adjustment matrices
in [8, Appendix B], we find the following examples of pairs (λ, µ) satisfying the conditions
that ǫ(λ) 6= ǫ(µ) and a
(2)
λµ(1) 6= 0:
λ = (3, 22, 1), µ = (18);
λ = (3, 22, 12), µ = (19);
λ = (32, 2, 12), µ = (110);
λ = (5, 22, 1), µ = (3, 17).
In each of these cases, a
(2)
λµ(1) = 2. (There are no such pairs (λ, µ) for d ≤ 7.) 
Remark 7. Whenever a
(p)
λµ /∈ Z, we have d
(p)
λµ /∈ Z[q]. This follows from (5) and the
positivity properties quoted just after that equation.
Remark 8. Both Andrew Mathas and Sine´ad Lyle (personal communications) have found
arguments showing that, in fact,
(6) d
(2)
(3,22,1),(18)
= a
(2)
(3,22,1),(18)
= q + q−1.
The first equality immediately follows from (5) together with the known values of D(0)
and the ungraded version of A(2), as given in [8, Appendix B]. We reproduce Mathas’s
proof of the second equality here. By the proof of Corollary 6, a(3,22,1),(18) = q
m + q−m
for some m > 0. Assume that charF = 2, and let i = (0, 1, 0, 1, 0, 1, 0, 1). Since the
trivial module D(18) satisfies e(i)D(18) = D(18), the graded vector space e(i)S(3, 22, 1)
must have a non-zero component of degree −m. Recall that {zt}t∈T (3,22,1) is a basis of
S(3, 22, 1). If t is a standard tableau, we have ([3, Lemma 4.4])
e(i)zt =
{
zt if t has residue sequence i,
0 otherwise.
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The only standard (3, 22, 1)-tableaux with residue sequence i are as follows.
1 2 3
4 7
5 8
6
1 4 5
2 7
3 8
6
1 4 7
2 5
3 6
8
1 4 7
2 5
3 8
6
These have degrees 1, 1, 1,−1 respectively. It follows that m = 1, so (6) holds.
By a similar argument one shows that
a
(2)
(3,22,12),(19)
= a
(2)
(32,2,12),(110)
= q + q−1.
Remark 9. Mathas has extended Corollary 6 by showing that the entries of the graded
adjustment matrices of HΛ0d in quantum characteristic 3 defined over a field of character-
istic 2 do not all belong to Z; see [9, Example 3.7.13].
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